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A METHOD OF INTEGRATING THE EQUATIONS OF MOTION OF NON-HOLONOMIC
SYSTEMS WITH HIGHER-ORDER CONSTRAINTS®
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An explicit form of the eguations of motion of non-holonomic systems with
higher-order constraints is studied and a field method /1/ is used to
integrate them. Various methods of integrating the equations of motion
of non-holonomic systems were discussed earlier in /2-7/. The
generalization of the Hamilton-Jacobi method to non-holonomic systems has
strict limitations /5, 6/. The field method /1/ was extended in /4/ to
cover non-holonomic systems with first-order constraints.

1. Let the position of a mechanical system be described by the generalized coordinates

¢ (s=1,...,n) and m-th order constraints of the type
M =0 (400, g™ D g™ 1) e=n—8) (.1
Here and henceforth B=1,....gm8k=1,.. . ,n0ov=1,...,em=20,1,2, ...

The equations of motion of the system are obtained in the form /9/
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Let us write
O T . |
e 5 0 =55, % 1.3
g (0 AN qﬁm—l)’ qi'm)‘ = a(pﬁféqgm)
Egs.(1.2) will now become
4 =0
}; Tesppo + 1o (1.4)

Let us consider the explicit form of Egs.(1.1) and 11.4).

When m =10, Egs.{l.1) are holonomic and the order of Egs.{1.4) is 2:. Thus we have a
holonomic system with redundant coordinates. Differentiating Egs.({l.l) twice with respect to
t, we obtain
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Eqs.(1.4) are linear in ¢, and Egs.(1.4), (1.5) can be solved in generalized coordi -
nates

95" = hs (ks 061 1) (1.6)

The order of Egs.(l.1) and (1.4) is 2, and that of Eq.(l.6) is 2n. TIn order to obtain
frow Egs.(1.6) the solution of Egs.(1.1) and (1.4) for initial conditions (g)o () We must
impose the following constraints on (g, {(ds)o
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When m =1, Egs.(1.1) will represent non-holonomic first-order constraints, and we
shall have the problems of non-holonomic first-order systems. Differentiating {1.1) with
respect to t, we obtain

w a(Pﬁ a‘Pg aWﬁ
Tosp = L (1.8)

o —-1 =1

Egs.{l.4) and {1.8) yield the generalized accelerations g~ in the form (1.6). The
order of Eqs.{1.1) and {1.4) is ¢+ 2. 1In order to obtain from Egs.{1.6) the solution of
Egs. (1.1} and (1.4) with initial conditions (g, (s}, We can impose the following constraints

on {gsles {gs)e: (?ﬁlﬁ)o = Qg {{gs}os (qq‘)o, 3 1.9
When m =2, Eqs.(1.1) will represent non~holonomic second-order constraints. If
pg/og contain no ¢”, then Egs.(1.4) will be linear in g, otherwise they will be non~-

linear. We assume that the system of Egs.{(l.1) and (1.4) has a solution in ¢, and in this
case we can write them in the form (1.6).

When m>2, the order of Egs.{1.2) will range from 2 to me, depending on the form
of aq;aiaq(’“) If the higher-order differential of the generalized coordinates in % is o<
m), then on differentiating Egs.(1.2) m-—2 times with respect to t+ (I<® or m—1 txmes

with respect to ¢(!> 2), their order will become ms. Let us combine these equations with
(1.1), and assume that the system can be solved for o™,
¢ = ks gk, @y - g ) (> ) (1.10)

Then, in order to obtain from Eq.{1.10) a solution of Egs.({1.1) and (1.4) with initial
conditions (g) (%7 We can impose constraints on Eq.{1.2). For example, when [=1, m = 4§,
we have the following constraints:

2 (Fesgho (3ggda + (Fodo =0 Z ((Faspdo (@pg)o -+ esplo (apglo] + (g lo =0 (1.41)
B o

When I=3, m=4, we have the constraints corresponding to the first equation of (1.11}
only, etc.
Thus we can write the equations of motion for the general non-holonomic m-th order
systems in the following explicit form:
g™ =ho (g g - - o GmV D) (m22) (1.12)

Let us now transform the equations of motion (1.12) to a system of first-order equations.
Let e (1)
Es = s Tnyy =4 - - o Fomynse s
Then Egs.(1.12) will take the form of a standard system of equations

T3 = Tngsy Tnes = Tynys v - - 1 Tomegyngs S Tmed)nts (1.43)

Timepynes == s (B Tagkr - - o0 Tmognare B

2. Let us consider the generalization of the field method. Using the field method /1,

8/ we select a variable, e.g. 2 as a function of time ¢ and of the remaining variables z,4
(4 =2,..., mnp
oy == u{t, 24} 2.4

Differentiating Eq.(2.1) with respect to t and busing Egs.(1.13), we obtain

ou "1 du 22
ar + _,az n*a'}’ ks 2n+s -+ a‘t(m—E)rH»s (m—l)n+s+ 2. )

=g
du
———p =)
Zs, 62(,“__1)%5 s 1+l

We shall call the guasilinear Eq.(2.2) the fundamental partial differential equation.
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If the complete solution of Eq.(2.2) has the form

f=u(tzg Cp) (Ag=2,.. ,mya=1,...,mn 23

then substitution of expression (2.3) will yield an identity. Let us denote the initial
values of the field variables by

T, (0) =249 (@=1,..., mn) (2.4)

Substituting expression (2.4) into (2.3) and denoting one constant, e.g. €5, by &
and the remaining constants by (4, we obtain

o = (t Z4r Togr Ca) (2.5)

It can be proved that /7/ when

det (0%u/0C 40z5) + 0 (2.6)
the solution of Egs.(1.13) will be given, by the initial conditions, by relation (2.5) and
we shall have mn—1 for C,6uléC,=0 (4 =2,..., mn).

It should be noted that the order of the equations increases during the passage from
(1.4) to (1.12). If the order increases by one, Egs.(1.4) will become 2t constraints for
the initial conditions. If the order is increased by two, Egs.(l1.4) and their differentials
with respect to t will become 4e constraints for initial conditions, etc.

Using this method we can, in principle, integrate the equations of motion of non-
holonomic m-th order systems. Using the field method we can choose the field variable so as
to solve Eq.{2.2) easily. The main difficulty of this method lies in finding the solution

of (2.2). However, having obtained one specific solution of this equation we can obtain the
solution of the system from Eq.(2.5).

3. Example 1. Let us consider the motion of a point of unity mass, acted upon by the
force Fi= Fy=0, F,= k= const, where the constaint equation has the form

=+ VI T (3.1)
Egs.(1.2) yield
2t — k=0, y  +V1F+2E" —k=0 3.2

Differentiating (3.2) with respect to t, adding the result to (3.1) and assuming that
z =2z, 2=y, 73 =2 wWe obtain

) = Ty, T3 = Tg, T3 = Ts, T4 = To, T5 = Tsy, T8 = Ty (3.3)

k— zp . (k=) t

I""=_1_+_t" 2 =0, z¢ = 1L

Let ;= u(t 2, 25 ..., 7). The basic Eq.(2.2) yields
u fi o du du ou ou k—xy Ou (k— z9) ¢
% Tt ottt it i, vt o, T e T e To A +;Z —z¢=0 (3.4)

Let us assume that the complete solution of this equation has the form

9
m=u=/fo)+ D) f4 () 24 39)
A=2

Substituting (3.5) into (3.4) and equating the free term and terms containing z,, z5 ..., =,

we obtain

) k Kt
fo +f7‘—1+t:+fo‘_1+t;=0- faa=0, f' =0, f —1=0
WA R=0 4+ 1= 0,y + 1o =0, fy + fo = 0
. 1
W+ h—hTrE— hia=0

9
Integrating, taking the initial conditions Co==zn— 3} Cuz,, (C,=f,() into account, and
A=

substituting into (3.4), we obtain

. :
m=u=a— 3 CaZag+k(Co—Cs—Co)—k{(Co—Cs—COVIFP+ (3.6)
A=2

s Cotd— (Co+ ) [VTF 8 L(t)—t]+ Cat} + Caza+ Cozs + (Ce+ ) 2 +
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(Cs = Cat} 25 + (Cs — Cgt) 2g + (Cy— Cat M%) 27 - (Cs — Cyt + My Cat®) 24
G — Co—COYVTT L Co{d + 18—~ Co VIFBL{G) + Cit -+ Co+
Yt Yy VIFBL () 20, L) =In(t + VIT )

The algebraic equations u/oC, =0 (4 =2,...,9 yield

Zy = Iz 750 (1) -+ Yorst®, 2y = 2o b et -+ Vakt® - (20 — K)EL (8) — M(D)] (3.7)
Ty = go -+ Zrpl -+ (b — 20 )M (1), 25 = 25y - eyt
T8 = Zgg + ke + (2o — WL (B), 21 = 2+ (k — )t/ VT F 1
7§ == Zag, Tp = k -+ (20g — BV F £
M@ =VIte—1

Substituting expressions (3.7) into (3.6), we obtain
Zy = Zyp + 2yol ~+ Vzept? -+ My (b — zpol L () + M (£) — 1] {3.8)
Relations (3.7) and (3.8} represent the solution of Egs.{3.4) for initial conditions
2 (0) =z (@=1,...,9).
Finally we obtain the soclution of the initial problem. The increase in the order on
passing from (3.2) to (3.3) should be noted. Constraints (3.2) imposed on the initial

accelerations yield
0 == Oy 2o 4 (290 —~ k) = 0 (3.9)

Substituting relations (3.9} into (3.7) and (3.8), we obtain a solution containing seven
constants corresponding to the order of the system (3.1), (3.2).

Example 2. {Appel’'s example). In Appel's example the Lagrange function and constraint
equation have the form

L=tym (2 + ¥+ 29 — mgz, & = ba™} (22 + y'B)% (3.10)
et g =2 ¢=1¥ gg=2. Differentiating the last equation of (3.10) with respect to i,

we obtain a second-order constraint
g5 = batg'ey e M @t g8 3.11)

Egs.(1.2) yield .
d Y mag” -+ (mgs” + m ba gy (@70 + @) =0, o= 1.2

from which we obtain, taking into account relations (3.10) and (3.11) and assuming that
AT 5 0 Ty = x4, T3 = &y, T = T, 74 = - Grylae, 7 = —Gxyfzg, 2’ = —G 3.12)
(G = gb%/(a® -+ b%)
Let

76 = u (8, Tys Tgy - - 5 T8

Then the basis Eg.{2.2) will yield

du du Bu du du £ du ™
% Tt ntan +§;;(-—G 7)4—3—“(-—6 7)+-G=0

Noting that

zg == Axs, 25 = Brs (4 = 249/2e0, B = T50/20)
we obtain

du du

du  du du du .
Au+-§;2 Bu+-5;-au-—~-5;; GA-—aGB-%—G::O {3.13y

™
Let us write the solution in the form
xg == u = f; -F fory + fag + fazs -+ fazg + fezs o= I N ae=1,...,86

and substitute it into Eg.{3.13). Equating the free term and terms containing =,....7;» we
obtain

O+ (A + [sB -+ fH (- [ — [6B)G =0

fot (fad + 4B+ f)fa=0 {a=2,3,4,56)

Integration yields
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2= = + (4C; + BCy + CHIYC, + GUHAC, + BCy — 1)t — (3.14)
1, (ACy + BCy + €8] + Cozy + Cazy + G2y + Csty 1 Cozs}

Let the initial conditions be

T @ =z (@=1....8 345
Substituting (3.1%5) into {3.14), we obtain
€, = 2o — Cazyo — CaFao — CeTse — Cs%0 — Cofyo (3.18)
and we follow this by eliminating ¢, from (3.14).
Algebraic Eqs. (2.5) yield
oCs =0 (a=2 3,45, 6)
Putting Ca=0 and simplifying, we obtain
G G z
Ty =20+ zmt-——z-%:z’, zg——-:;m—}-mt——z—é:z’ 3.17)

G x
:a:a:cao»%-xut—-Tt‘, z.=zm~—G-z—:-:t

Tso
Z5 = Xgp— mei

Substituting these expressions into (3.14) and taking into account Egs.{3.16), we obtain

24 = 20 — Gt (3.18)

Thus relations (3.17), (3.18) represent a solution of system {3.12) with initial con~
ditions (3.15).

Finally we obtain the solution of Appel's problem. Its order is equal to five, and the
order of system (3.12) is six. In order to obtain the solution of the problem we can impose
a constraint on the constantsin (3.17) and (3.18). It represents a restriction imposed on
the non-holonomic constraint for the initial conditions, i.e.

700 = ba Vg + 20 (3.19)

This implies that relations (3.17) and (3.19) represent a solution of the Appel's
problem and contain five constants.
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